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In the univariate case the connection between the asymptotic behavior of an 
entire characteristic function (e.c.f.) and the corresponding distribution function 
(d.f.) has been investigated by many authors (see, e.g., [2, 6, 8-10, 12, 141). 
The aim of this note is to carry suitable results of [2] over the multivariate c.f. 
Let F(x), x E Rn, be a d.f. of a vector-valued random variable (T.v.) X = 
WI ,.*., X,) having an e.c.f. f(z) given by 
where (z, x) denotes the scalar product between z and x; Rn and Cn denote 
the real and complex, resp., n-dimensional Euclidan spaces. For brevity we 
denote this set of d.f. by F. Multivariate analytic c.f. are considered, e.g., in 
[l, 71. Characteristic functions of multivariate r.v. have properties analogous 
to the univariate case. For example, from integral representation (l), one gets 
the ridge property off, 
If (41 < f (i . Im 4, Im z = (Im z1 ,..., Im z,). (2) 
Furthermore, one obtains 
f(x) # 0 on (z, Re z = 0}, Re z = (Re zr ,..., Re x,). (3) 
(See [7].) Now, we recall some notions of the theory of functions of several 
complex variables. 
We say that a domain G C Cn has the property (*)z, , if together with every 
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z’ E G we also have z E G provided that the components of B satisfy the inequality 
1 zk --+‘I < j,?ik’-+‘,p, k = l,..., n. (4) 
Polydisks are essential examples. 
A domain G C Cn is called a polydisk with center .zo and polyradius r, r E R+.“, 
where R+” = (r, r E Rn and rk. > 0 for k = l,..., n}, if 
G = (z, j zk - zko 1 < rk for k = I,..., fz}. (5) 
Following the notation of [4] we give the definition of the order and the type 
of an entire function h(z) of several complex variables. Let G be a bounded 
domain with the property (*). . We introduce G, by means of 
G, = (z, l/p .zEG}, 
where p is a positive real number. 
Let 
(6) 
The order X of h is given by 
X = lim sup log log MG(f) 
P-c* 1% P * 
It was shown by Goldberg [5] that the order /\ does not depend on the choice 
of the starting-domain G. 
The G-type ac of h is defined by 
uG = lim sup log MG(d 
w-3 
(9) 
(The number ac can be dependent on the domain G.) Furthermore, let 
M(r) = ggk I WI* 
k=l,...,n 
(10) 
Now, we consider especially e.c.f. Because of the ridge property for an e.c.f. 
f  we have 
M(r) = mp{f(i E r)), (11) 
where the components of E = (Q ,.. ., 4,) independently of one another take 
on the values 1 or -1. In view of (11) we may confine ourselves to polydisks 
with center 0 as domains with the property (*). . In the following we write 
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ma(p) instead of iVc(p), if G is a polyd is with center 0 and radius R, where k 
j R 1 = (R, R)lj2 = 1. Let T(x) = P({X, ; S, 1 > xI; for K = I,..., n}). More- 
over, we write T,(E) = P({X, 1 X;, ) 3 4 . S, for R = I ,..., n}), where S E Rin, 
/ S 1 = 1 is a fixed vector. For the sake of brevity we introduce the functions 
T(X) = l/j x 1 . log l/T(x), (12) 
Cc(r) = l/l y  I * 1% M(y), (13) 
7.40 = 115 * log 1/T&), (14) 
k?(P) = I/P * 1% MR(P)* (15) 
Using a method given in [2] we compare the asymptotic behaviors of p and T. 
In a similar manner we describe this asymptotic behavior by means of a subset 
of functions of dominated variation. (Functions of dominated variation were 
introduced in [3] and are a generalization of regular or slow variation.) 
DEFINITION. Let A: R+l --f R+l be a strictly increasing continuous? function 
satisfying 
lim A(x) = co. 
S'cr (16) 
We say that A belongs to the class V(a j A,), 0 < a < co, 1 < A, < co, if 
the following relation is satisfied. 
lim sup A(Kx)/A(x) < A,, . k” 
Z”* 
for all K E (1, cc). (17) 
We adopt the convention 
l/y = 0 for y=co, 
l/y = co for y  = 0. 
(18) 
Let u, b E [0, co). We use the notation 
cl a,b = aQ . bb/(a + b)a+b, (19) 
where we put O” = 1. 
As in [2], we obtain the following assertions. Let A E V(a j A,) and 
BE V(b / II,). LetFEF. 
1 For the sake of brevity we make this assumption. However, in some cases it suffices, 
if A is nondecreasing. Also, in some cases A need not be continuous. 
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THEOREM 1. If  for any fixed vector R > 0 (i.e., R, > 0 for all k : 
IRI==L 
then 
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1 ,...I 4, 
(20) 
holds for all vectors S > 0, 1 S 1 = 1. 
We see that in the case a = b = 0 the lower bound of (21) does not depend 
on the special choice of vectors R and S. (Note that for investigations of the 
order we have to put A(x) = B(x) = log x; i.e., a = b = 0.) I f  R > 0 then 
we have as positive lower bound, independent of S, 
l/Ml . a3) - !&,b * &+b * l/r, 
where fi = mink,,, .... R R, . 
THEOREM 1’. If 
li;jEf B(7(x))!A(I x 1) 3 1/(AO ’ &) . 4n.b ’ l/x (23) 
where x > 0. 
We give a certain converse of this. Let be a = b = 0. 
THEOREM 2. I f  
lizjff W(4)Ml x I) b l/r, o<y<a 
wkerex>O,thenforallR>O,~R( =l,itis 
lim sup 4PR(f))/B(f) G (Al . BJ2 * Y* 
D---J 
(24) 
(25) 
In the case where the components of the r.v. X are independent, we can 
carry over more results of [2] to multivariate c.f., e.g., the following theorems. 
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THEOREM 2’. If.for all 5’ > 0, S = 1, 
for all R > 0, / R 1 = 1, where I? = maxkSl . . . . . ,, R, . 
THEOREM 3. Letbea=b=O,A,=B,=l. Wehave 
forallS>O,jSj =l,ifandonlyifforallR>O,IR/ =l, 
Let us choose B(x) = log x, A(x) = @l( x ), w h ere @p-l is the inverse function 
to Q(x) = log M(P,..., @). Then Q(X) E V(0 1 1). Using Theorem 3 we obtain 
(30) 
if the corresponding c.f. is entire and of infinite order. (For the univariate case, 
see [2, 141.) 
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